A recently introduced two-channel confocal microscope with correlated detection promises up to 50% improvement in transverse spatial resolution [Simon, Sergienko, Optics Express 18, 9765 (2010)] via the use of photon correlations. Here we achieve similar results in a different manner, introducing a triple-confocal correlated microscope which exploits the correlations present in optical parametric amplifiers. It is based on tight focusing of pump radiation onto a thin sample positioned in front of a nonlinear crystal, followed by coincidence detection of signal and idler photons, each focused onto a pinhole. This approach offers further resolution enhancement in confocal microscopy.
Introduction

Confocal microscopy.
Confocal microscopy has two main advantages over widefield microscopy. The first is the improvement in contrast introduced by the pinholes, which block any light that has not passed through a small in-focus region of interest. The second is an improvement in resolution due to a double passage through the objective lens and the requirement that the in-focus region for both passages overlap. If the objective is a lens of focal length f and circular aperture of radius a described by pupil function p(x), then the point spread function (PSF) for a confocal microscope is (up to normalization)
where the tilde represents Fourier transform and J 1 is a Bessel function of first order. This is to be compared to the widefield PSF for the same lens,
For the confocal microscope, each passage through the lens gives a factor ofp 2 ; since the light passes through the lens twice, this becomes squared to give the more sharply peaked functioñ p 4 . The result is a PSF for the confocal microscope which is roughly 28% narrower than that of the corresponding widefield microscope.
Multiple photons in confocal microscopy.
Several types of device have previously made use of multiple photons to improve resolution within the context of confocal microscopy. For example, two photon confocal microscopy [2, 3] requires two photons to simultaneously excite the same fluorescent molecule, thus limiting the visible region at each point of the scan to the small volume for which the intensity is large enough for two excitations to occur simultaneously with reasonable probability. Recently, correlation confocal microscopy [1] has been proposed, in which the photon pairs are simultaneously detected, with a detection scheme designed such that only pairs that struck the sample within a small distance of each other have a high probability of being detected. The goal here is to go one step beyond confocal microscopy by requiring the overlap of three in-focus regions, two detection and one illumination region (see fig. 1 ). Only points in the overlap of all three regions will be visible. If the third region is comparable to the size of the objective's Airy disk, the overall area that can be resolved will become smaller due to the combined drop-off of the detection and illumination probabilities. This will be achieved by means of spontaneous parametric downconversion (SPDC). The two outgoing photons (signal and idler) each pass through an objective lens of focal length f , and then through pinholes to photon-counting detectors. These signal and idler branches are analogous to the two halves of a standard confocal microscope. The detectors will be connected in coincidence, so that detection events will be recorded only when both of the photons survive the corresponding pinhole. This alone would give us the characteristicp 4 behavior of a confocal microscope. To go further, we must look at the pump beam. Typically, the pump is an approximate plane wave over an area of size much larger than the Airy disk of a microscope lens. However, it is possible to focus the pump beam to a much smaller region by means of a lens of focal length f p . The effect of weak focusing of the pump beam in SPDC was studied in ref. [4] , where it was shown that interesting geometrical optics effects could be obtained, with the pump beam acting like a spherical mirror, and the signal and idler acting like incident and reflected beams from the mirror. Here, we work within the framework of [4] , but study the effect of strongly focusing the pump to a point-like region, and show that the effective overlap region of the signal, idler, and pump can be made small enough to noticeably enhance the resolution over that of the standard confocal microscope. In the process, we will find that the relationship of the pump beam to the signal and idler causes a second effect that introduces an additional significant spatial resolution enhancement in the lateral direction. The result is that visible-light images can be produced with resolution that normally would be possible only in the ultraviolet.
The device we propose here shares a common philosophy with two-photon and correlation confocal microscopy, using multiple photons for each detection; but it uses a new mechanism to arrange this. Here, we make intrinsic use of three photons (signal, idler, and pump), although we only detect two. The constraints involved in parametric downconversion (energy and momentum conservation, etc.) give us full knowledge of the properties of all three photons from the measurement of any two of them. Note that all three of these microscopies use spatial correlations between photons, but that the correlations are imposed at different points: (i) In two-photon microscopy the correlation between the photons is imposed at the sample, by means of the molecule-photon interaction. (ii) In correlation confocal microscopy the photon correlation is imposed at the detection stage by a form of postselection. (iii) In the twin-photon confocal microscope proposed here the correlations between detected photons are imposed at their source, the downconversion process. We exploit the fact that downconversion is a highly localized process: if the pump is constrained to be inside a very small region near the axis, then its twin daughters must have arisen within the same region.
In contrast to standard two-photon microscopy, the twin-photon microscope can operate with a continuous wave laser source, rather than requiring pulsed lasers. In addition, parametric downconversion provides an entangled-photon source which guarantees that the two photons in a pair are always produced and detected simultaneously; in contrast, standard twophoton microscopy relies on the chance occurrence of two photons arriving simultaneously at the molecule. As a result of these facts and of the improved signal-to-noise ratio induced by the coincidence detection, the twin-photon microscope can operate at lower illumination intensities than the standard two-photon microscope, leading to lower power requirements and less damage to the sample.
Resolution, the Abbe limit, and blurring by material.
As the resolution in an optical system improves, eventually it runs up against the Abbe diffraction limit. Beyond this point, imaging the shape of smaller features in extended objects with an ordinary microscope is not possible since the high spatial-frequency components needed to reconstruct the shape will not propagate into the far field or diffract into the objective lens. Thus, it could be argued that beyond a certain point it becomes meaningless to seek further improvements in the resolution of a confocal microscope. However, the derivation of the Abbe limit makes use of two assumptions: (i) uniform illumination and (ii) linear response in the detection system. When these two assumptions are removed, it is possible to expand the range of spatial frequencies the system allows to pass, leading to superresolution [5] . This fact has been exploited in a number of different types of fluorescence-based far-field microscopes in recent years (see [6] for an overview). Here, both of the listed assumptions are violated: we have nonuniform illumination (pump beam focused to a spot) and nonlinear response in the detection system (the coincidence detection leads to quadratic response). Thus the usual Abbe limit does not apply, allowing an expansion of the spatial frequency pass-band similar to those obtained with the methods described in [6] , but achieved in our case using a non-fluorescence-based far-field microscope.
Moreover, light will scatter even from very small particles, including those of extreme subwavelength size. Even though the high spatial-frequency components needed to reconstruct the object's shape may be missing from the image, this scattered light may still be used to identify the presence of such particles and to localize their positions. The use of optical microscopes (especially polarization microscopes) for this is an active field of research: a number of papers have appeared, for example, which study the use of polarizing confocal and widefield microscopes to view subwavelength dielectric particles [7, 8, 9, 10, 11] . So, it is worthwhile to continue investigations of resolution improvements in far-field microscopes well beyond the Abbe limit.
Note further that in the twin-photon microscope proposed here the combination of pinholes, focused beam, and coincidence detection provide a very high degree of weeding out of stray light from regions outside the area of interest. In particular, multiply-scattered light will not contribute to the signal. Thus, the effect of the surrounding material will be greatly reduced, leading to less blurring of the image. Furthermore, the coincidence method reduces the effect of dark current noise in the detectors, as well as other sources of noise, leading to improved signal-noise-ratio. The chief trade-off is that the reliance on parametric down-conversion and coincidence detection will reduce the counting rate, leading to longer collection times than is required to form an image by standard confocal microscopy.
In the following sections, we describe the apparatus and analyze its behavior. The goal of the current paper is to describe the main ideas as simply as possible. In order to keep the analysis simple we make use of several approximations. Specifically, we use scalar diffraction theory in the paraxial approximation, and we assume infinitesimal pinholes. However, these approximations can be inappropriate when used in conjunction with the high NA lenses often found in confocal microscopes. So, in order to verify that the main points of the paper are not much altered by the approximations used, the authors have repeated the same analysis with nonparaxial vector diffraction theory and pinholes of finite size taken into account. Using this more exact analysis it has been shown that the resolution enhancement found in the simplified version presented in this paper does indeed survive when the approximations are removed. Including the full vector treatment here would make the current paper too cumbersome and would obscure the relatively simple physical ideas, which are much more apparent in the context of the simplified scalar-diffraction treatment. Therefore, we discuss only the simplified model in the current paper, while the more exact treatment of the twin-photon microscope using vector fields and finite pinholes will be prepared for separate publication.
The Coincidence Rate and Point Spread Function
Derivation of Coincidence Rate.
Consider the setup of fig. 1 . The pump beam of waist radius w 0 and frequency ω p = this face is placed a thin sample of transmittance t(y), where y is the position in the plane transverse to the propagation direction (z). Spontaneous parametric downconversion occurs inside the crystal, producing two beams, the signal (ordinary ray) and idler (extraordinary ray), of respective frequencies ω o and ω e . The angles involved in the phase-matching inside the crystal are defined in fig. 2 . The z-axis is the propagation axis, at angle ψ from the optic axis.
Without the sample in place, the pump field inside the crystal would be given by [4] 
Here, k p and k ⊥ are the pump momentum in the longitudinal and transverse directions, and r ⊥ is the position within the pump beam in the transverse direction.Ẽ p is the Fourier transform of the pump field inside the crystal, which is given byẼ p (k ⊥ ) = e
Under normal experimental conditions the pump field inside the crystal reduces approximately to [4] :
where all overall constants have been swept into E ′′ p . Adding the sample multiplies this at each point by t(r ⊥ ).
Each outgoing beam passes through half of a confocal microscope arrangement: it propagates distance s 0 , passes through the objective lens, then propagates another distance s 1 before reaching a pinhole. Distances s 0 and s 1 satisfy the imaging condition 
, then the contribution to the field detected by a detector located at distance s 0 + s 1 away due to field j at radial distance r j⊥ at the crystal is given bŷ
where h k ′ j is the amplitude for a ray launched from r ⊥ with momentum k ′ j to propagate through the lenses, survive the pinhole, and reach the detector. For the confocal system shown, this propagation factor is given up to overall normalization by
The contributions to the fields at the detectors due to the downconversion fields at r j⊥ are
where
The interaction Hamiltonian density for SPDC is
where A 1 contains all constants and y is the displacement of the microscope or sample during scanning.
The two-photon part of the outgoing state vector resulting from downconversion is given by
The time integral gives an energy-conserving delta function δ (ω e + ω o − ω p ), so inserting eq. (12) into eq. (9):
We now apply the thin-crystal approximation [4] , in which we may write:
where we have set ω o = Ω 0 + ν ′ , ω e = Ω e + ν, with Ω o + Ω e = ω p . We have also defined 
where we have once again lumped all overall constants into A 4 . We have also defined the time difference T 12 = T 1 − T 2 and the inverse group velocity difference D =
. Carrying out the ν and z integrations, we have
where Π(T 12 ) is the unit step function which is only nonzero for 0 < T 12 < DL; the presence of Π(T 12 ) simply expressed the fact that both photons must be created simultaneously and within the crystal. Using ω p = Ω o + Ω e , the amplitude now reduces to
We now choose to take d ≈ f p , so that 
Lateral PSF and numerical results.
To determine the resolution, we can take the object being viewed to be perfectly transmitting at a single point and perfectly opaque elsewhere; i.e. t(r ⊥ + y) = δ (2) (r ⊥ + y). We will henceforth also assume T 12 < DL. Taking the absolute square of A, the lateral or transverse PSF is then:
The PSF is narrowed relative to that of the standard confocal microscope as a result of two items: (i) the exponential factor e −y 2 /r 2 factor is due to the focusing by the pump lens. The factors of 2, however, appear even if the pump is not focused; they arise in the following way. In a standard confocal microscope, the Fourier transform of the pupil function arises because p(r ⊥ ) is multiplied by a phase factor e −ik ⊥ ·r ⊥ as the photon propagates in the transverse direction from the point r ⊥ in the focused spot to the axis at the pinhole. Integrating over r ⊥ then gives the Fourier transform. In our case, both signal and idler exhibit such phase shifts; however, the pump itself has a radiallydependent phase. The pump photon thus contributes an additional phase factor equal in size to the sum of the phases gained by the signal and idler. So the phase is doubled, and the argument of the Fourier transformed pupil function is also doubled. Note that in the degenerate case Ω o = Ω e = ω p /2, we can interpret this in the following manner: although we are viewing the signal or idler at frequency ω p /2, the resolution is being determined by the properties of the pump, which has twice the frequency and thus higher resolution. Thus, if the pump is ultraviolet, with signal and idler in the visible range, we will end up with visible-light images that have UV-level resolution. The factors of 2 are the dominant cause of the PSF narrowing unless r 0 is comparable to or smaller than the size of the Airy disk, at which point the exponential factors begin to introduce additional narrowing. To get an idea of the sizes of r 0 and R airy we can insert some typical values. Assume a pump of wavelength λ p = 351 nm, with signal and idler wavelengths λ o = λ e = 2λ p , and suppose that all lenses have radius a = 2 cm and focal length f = 2 cm. Then for pump beam of radius w 0 = 1 mm, we find:
Note that it is easy to reduce r 0 if necessary: simply place a beam expander into the path of the pump beam. By increasing the radius of the beam, we fill a larger portion of the focusing lens, thereby effectively increasing its numerical aperture and allowing the beam to be focused to a smaller spot. We see from eq. (22) that r 0 shrinks by the same factor by which the pump radius is expanded. As we increase the pump radius w 0 , the resolution should remain approximately constant until r 0 and R airy are roughly equal; continued increase in w 0 beyond this point should then show improving resolution. For the example above, setting r 0 = R airy and using eq. (26) shows that this occurs around w 0 = 3.7 mm. The calculated PSF of the twin-photon microscope is compared to that of the standard confocal microscope in fig. 3 for several values of w 0 , with all other parameter values as given in the previous paragraph. We see that the PSF decreases in width compared to the standard confocal microscope by 50%, 61%, and 68% respectively, for pump radii of 1 mm, 8 mm, and 12 mm. In the limiting case where the beam completely fills the focusing lens (w 0 = a = 2 cm, not shown on the graph), the maximum resolution improvement over the standard confocal microscope is about 77.3%. At the opposite extreme of small beam radius, the PSF remains constant (given by the dashed green curve in fig. 3 ) as w 0 decreases below about 4 mm, consistent with the estimate given above. As always, of course, increasing the numerical aperture of the lenses or increasing the frequency of the light will further improve the resolution.
One further important point should be noted. In confocal microscopy, it is essential that a large angular range of light be collected by the lenses. So in the setup described here, it is necessary that the downconverted photons emerge from the crystal with a large angular spread. In noncollinear downconversion, photons of different frequency are emitted at different angles from the axis, so that the angular spread depends on the frequency bandwidth. In the case considered in this paper, two factors conspire to increase this spread significantly. First, the spread in frequency is inversely proportional to the thickness of the crystal, which we are assuming to be thin. Second, the tight focusing of the pump beam will cause a further considerable increase in this spread: narrowing the pump in position space will broaden the spread of transverse momentum vectors for both the ingoing and outgoing beams, thus increasing the outgoing angular spread. The focusing of the pump has an effect similar to that of placing a pinhole in the beam; and as is well known, a small aperture or pinhole will diffract a plane wave to large angles. In particular, if the lens in the pump has an acceptance half-angle α and numerical aperture NA = n sin α, the pump beam will have an angular spread of α both entering and leaving the focused region. The downconversion will increase the outgoing angular spread by a few additional degrees, depending on the downconversion parameters. So if the objective lens has acceptance angle roughly the same as that of the focusing lens in the pump, then the objective lens will be always be filled. Thus, there will generally be no problem filling a high numerical aperture lens to provide good confocal imaging. Finally, the apparatus can be simplified as shown in fig. 4 . Both outgoing beams may be sent through the same lens and separated by a beam splitter after the pinhole. This not only reduces the number of lenses needed, but should make alignment significantly easier. In addition, this version has the advantage of increased counting rate, since the full azimuthal angle around the propagation axis is now covered by the lens.
Discussion
A large part of the resolution enhancement displayed in the previous section comes from the fact that the illumination is occurring at the smaller pump wavelength; even though we are viewing the image at the longer signal/idler wavelength, the correlated photon production and the coincidence detection together allow us to maintain the inherently higher resolution of the pump. But beyond this, there is a further enhancement that arises if the pump is focused. In this section, we wish to discuss the latter in more detail. Here, we define the resolution to be the full-width at half-maximum of the image produced when scanning a point object.
Suppose we initially take the illuminating pump beam to be a plane wave. If we hold a point object fixed and scan by moving the detection apparatus (objective lens, pinhole, and detectors) across the sample, the plot of coincidence rate versus scanning position describes a diffractive spot identical to the spot formed by a point object in a standard confocal microscope. This spot defines the area A vis in which a small object is effectively visible to the detectors at each moment, and a plot of its intensity traces out the form of the point spread function for
